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Recap

3

In the first lecture, we discussed the “strategy of 
regions” technique and applied it to the Sudakov 
problem, the form factor with  Q2 ≫ L2 ~ P2.

k + pk + l

pkl

Figure 2: Scalar triangle diagram with an external soft momentum l and a
collinear momentum p. The loop momentum is denoted by k.

arises from the region of hard-collinear loop momenta kµ ∼ E(λ, 1, λ1/2), and power counting
shows that it is indeed of leading power: IHC ∼ λ2 · (λ−1)3 ∼ λ−1 (where we display the scaling
of the integration measure and of the three propagators), which is of the same order as the
leading term in the result (4). Simplifying the propagators in the hard-collinear region we
obtain at leading power
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where in the last step we have replaced 2l+ · p− → Q2, which is legitimate at leading power.
The relevant physical scale of this contribution is the hard-collinear scale µ2 ∼ Q2 ∼ EΛ.

Long-distance contributions to the integral arise from the regions of soft or collinear loop
momenta, where kµ ∼ E(λ, λ, λ) or kµ ∼ E(λ2, 1, λ), respectively. Power counting shows
that both regions give rise to leading-order contributions: IS ∼ λ4 · (λ−2)2 · λ−1 ∼ λ−1, and
IC ∼ λ4 · λ−2 · λ−1 · λ−2 ∼ λ−1. Simplifying the propagators in the soft region we obtain at
leading power

IS = iπ−d/2µ4−d
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+ O(ε) . (6)

The relevant physical scale of this contribution is the soft scale µ2 ∼ L2 ∼ Λ2. Similarly, in
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envisioned in [8, 10, 13]. In the second part of the paper we develop SCETII in the presence
of the new modes and discuss some examples of the relevance of soft-collinear messenger
exchange.

A prominent example of quantities that are sensitive to soft-collinear exchange graphs
are heavy-to-light form factors at large recoil, for which soft-collinear modes can (and do)
contribute at first order in λ. They are needed to describe the “soft overlap” contribution,
which is formally the leading contribution to the form factors in the heavy-quark limit [14].
Another important application of the soft-collinear modes arises when one studies the endpoint
behavior of hard-scattering kernels in QCD factorization theorems. The demonstration of the
absence of endpoint singularities is an important part of factorization proofs (see, e.g., the
discussion in [9]). In the endpoint region x ! 1 the scaling of the momentum of a collinear
parton carrying longitudinal momentum fraction x inside a fast light hadron changes from
E(λ2, 1, λ) to E(λ2, λ, . . . ). Similarly, in the region l+ ! Λ the scaling of the momentum of
a soft parton inside the B meson changes from E(λ, λ, λ) to E(λ2, λ, . . . ). In both cases it is
natural to describe these endpoint configurations in terms of soft-collinear fields. For the case
of factorization for the exclusive decay B → K∗γ this will be illustrated in [15].

2 Relevance of the soft-collinear mode

It will be instructive to demonstrate the relevance of soft-collinear modes with an explicit
example. Consider the scalar triangle graph shown in Figure 2 in the kinematic region where
the external momenta are lµ ∼ (λ, λ, λ) soft, pµ ∼ (λ2, 1, λ) collinear, and qµ = (l − p)µ ∼
(λ, 1, λ) hard-collinear. We define the loop integral

I = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) [(k + l)2 + i0] [(k + p)2 + i0]
(2)

in d = 4 − 2ε space-time dimensions and analyze it for arbitrary external momenta obeying
the above scaling relations. It will be convenient to define the invariants

L2 ≡ −l2 − i0 , P 2 ≡ −p2 − i0 , Q2 ≡ −(l − p)2 − i0 = 2l+ · p− − i0 + . . . , (3)

which scale like L2, P 2 ∼ λ2 and Q2 ∼ λ. (In physical units, L2, P 2 ∼ Λ2 and Q2 ∼ EΛ with
E & Λ.) As long as these momenta are off-shell the integral is ultra-violet and infra-red finite
and can be evaluated setting ε = 0, with the result

I =
1

Q2

[

ln
Q2

L2
ln

Q2

P 2
+

π2

3
+ O(λ)

]

. (4)

Let us now try to reproduce this result by evaluating the contributions from different mo-
mentum modes. The method of regions [16, 17] can be used to find the momentum configura-
tions giving rise to leading-order contributions to the integral I. There is no hard contribution,
since for kµ ∼ E(1, 1, 1) the integrand can be Taylor-expanded in the external momenta, giv-
ing scaleless integrals that vanish in dimensional regularization. A short-distance contribution
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4

We found that four momentum regions contribute 
to the expansion in λ2 ∼ P 2/Q2 ∼ L2/Q2

• Hard (h)

• Collinear to p (c1)

• Collinear to l (c2)

• Soft (s) 

where                           and                            are 
light-cone reference vector in the directions of pμ  
and lμ.

(n · k , n̄ · k , k⊥)

Ic2 = iπ−d/2µ4−d
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(k2 + i0) (2k− · l+ + i0) [(k + p)2 + i0]
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6
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Is = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) (2k− · l+ + l2 + i0) (2k+ · p− + p2 + i0)

= −
Γ(1 + ε)

2l+ · p−
Γ(ε)Γ(−ε)

(
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=
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kµ ∼
(

1 , 1 , 1
)

Q

kµ ∼
(

λ2 , 1 , λ
)

Q

kµ ∼
(

1 , λ2 , λ
)

Q

kµ ∼
(

λ2 , λ2 , λ2
)

Q

nµ = (1, 0, 0, 1) n̄µ = (1, 0, 0,−1)
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The contributions from the different regions are 
obtained by assuming a given scaling for the loop 
momentum and then expanding the integrand 
accordingly. For the soft region, for example, we got

We now construct an effective Lagrangian whose 
Feynman rules directly generate the expanded 
diagrams.

Is = iπ−d/2µ4−d

∫

ddk
1

(k2 + i0) (2k− · l+ + l2 + i0) (2k+ · p− + p2 + i0)

= −
Γ(1 + ε)

2l+ · p−
Γ(ε)Γ(−ε)

(

2µ2l+ · p−
L2P 2

)ε

=
Γ(1 + ε)

Q2

(

1

ε2
+
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ε
ln

µ2Q2

L2P 2
+

1

2
ln2 µ2Q2

L2P 2
+

π2

6

)

+ O(ε) . (1)

Generalization to QCD

Aµ(x) → Aµ
c (x) + Aµ

s (x)

ψµ(x) → ψµ
c (x) + ψµ

s (x)

ψµ
c (x) = ξ(x) + η(x)

ψµ
c (x) = ξ(x) + η(x) ; ξ = P+ψc =

/n/̄n

4
ψc , η = P−ψc =

/̄n/n

4
ψc garbarge garbage

P 2
+ = P+ , P 2

− = P− , P+ + P− = 1 garbage garbage (2)

/n ξ(x) = /̄n η(x) = 0

〈0|T
[

ξ(x)ξ̄(0)
]

|0〉 =
/n/̄n

4
〈0|T

[

ξ(x)ξ̄(0)
]

|0〉
/̄n/n

4

=

∫

d4p

(2π)4
i

p2 + iε
e−ipx /n/̄n

4
/p

/̄n/n

4
∼ λ4 1

λ2

{

/n

2
n̄ · p

ξ(x) ∼ λ

η(x) ∼ λ2

ψs(x)ψ̄s(0) ∼ (λ2)4
1

λ4
λ2 ∼ λ6

ψs(x) ∼ λ3



Scalar SCET
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We now construct an effective Lagrangian whose 
Feynman rules yield exactly the different 
contributions found in the strategy of regions. 

Since we were looking at scalar diagrams, let’s work 
with the scalar theory (in d dimensions)

The important elements in the construction of the 
EFT for QCD are the same, but because the 
different quark and gluon field components scale 
differently, the Lagrangian looks more complicated. 

with external current  

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls

k + pk + l

pkl

Figure 2: Scalar triangle diagram with an external soft momentum l and a
collinear momentum p. The loop momentum is denoted by k.

Figure 3: Scalar triangle diagram with an external soft momentum l and a
collinear momentum p. The loop momentum is denoted by k.
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To obtain the SCET Lagrangian, we split the field 
into

Note that we did not introduce a field for the hard 
region: the hard contributions are absorbed into 
Wilson coefficients (i.e. coupling constants)
multiplying operators built from soft and collinear 
fields.

In order for the construction to make sense, we 
should introduce external sources for the three 
fields which scale in the appropriate way.

Scalar SCET

−
1

ε
ln

µ2

P 2
−

1

ε
ln

µ2

L2
+

1

ε
ln

µ2Q2

L2P 2
= −

1

ε
ln

µ2

Q2

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x) + A(x)φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)
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Inserting into the Lagrangian, we get

three copies of the original Lagrangian as well as 
terms which contain soft and collinear interactions:

All other terms are forbidden by momentum 
conservation. 

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls + Lc+s

φ(§) → φc1(x) + φc2(x) + φs(x)

Leff →
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x) +
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x) +
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x)

Lc+s = φ2
c1(x)φs(x) + φ2

c2(x)φs(x)

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls + Lc+s

φ(§) → φc1(x) + φc2(x) + φs(x)

Leff =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x) +
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x)

−
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x) −
g

2
φ2

c1(x)φs(x−) −
g

2
φ2

c2(x)φs(x−)

Leff =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x)

+
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x)

−
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x)

−
g

2
φ2

c1(x)φs(x−) −
g

2
φ2

c2(x)φs(x−)

Lc+s = −
g

2
φ2

c1(x)φs(x) −
g

2
φ2

c2(x)φs(x)

φc1(x)φ2
s(x) φc1(x)φ2

c2(x) φc1(x)φc2(x)φs(x)

∫

ddxφ2
c1(x)φs(x) =

∫

ddx

∫

ddp1

(2π)d

∫

ddp2

(2π)d

∫

ddps

(2π)d
φ2

c1(p1)φ2
c1(p2)φs(ps) e−i(p1+p2+ps)x

∫

ddxφ2
c1(x)φs(x) =

∫

ddx φ2
c1(x)

[

1 + x⊥ · ∂⊥ + x+ · ∂x
−

+ . . .
]

φs(x)|x=x
−

=

∫

ddx φ2
c1(x)φs(x−) + . . .
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Terms forbidden by momentum conservation:

An energetic particle cannot 
decay into soft particles only.

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls + Lc+s

φ(§) → φc1(x) + φc2(x) + φs(x)

Leff →
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x) +
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x) +
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x)

Lc+s =
1

2
φ2

c1(x)φs(x) +
1

2
φ2

c2(x)φs(x)

φc1(x)φ2
s(x) φc1(x)φ2

c2(x) φc1(x)φ2
s(x)

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls + Lc+s

φ(§) → φc1(x) + φc2(x) + φs(x)

Leff →
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x) +
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x) +
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x)

Lc+s =
1

2
φ2

c1(x)φs(x) +
1

2
φ2

c2(x)φs(x)

φc1(x)φ2
s(x) φc1(x)φ2

c2(x) φc1(x)φ2
s(x)

An particle flying in the +z 
direction cannot decay into 
two particles moving in the 

negative z direction.

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls + Lc+s

φ(§) → φc1(x) + φc2(x) + φs(x)

Leff →
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x) +
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x) +
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x)

Lc+s =
1

2
φ2

c1(x)φs(x) +
1

2
φ2

c2(x)φs(x)

φc1(x)φ2
s(x) φc1(x)φ2

c2(x) φc1(x)φc2(x)φs(x)
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Derivative (or “multipole”) expansion

As a final step, we need to expand in small 
momentum components.

p1μ+ p2μ+psμ     scales as    (λ2, 1, λ )

xμ            scales as    (1, 1/λ2 , 1/λ)

   psμ                 scales as       (λ2, λ2, λ2 ) 

So  ps⋅x = 2ps+⋅x−  + 2ps−⋅x+  + ps⊥⋅x⊥ 

                     O(1)   +  O(λ2)  + O(λ)

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls + Lc+s

φ(§) → φc1(x) + φc2(x) + φs(x)

Leff →
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x) +
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x) +
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x)

Lc+s =
1

2
φ2

c1(x)φs(x) +
1

2
φ2

c2(x)φs(x)

φc1(x)φ2
s(x) φc1(x)φ2

c2(x) φc1(x)φc2(x)φs(x)

∫

ddxφ2
c1(x)φs(x) =

∫

ddx

∫

ddp1

(2π)d

∫

ddp2

(2π)d

∫

ddps

(2π)d
φ2

c1(p1)φ2
c1(p2)φs(ps) e−i(p1+p2+ps)x

Beneke and Feldmann hep-ph/0211358
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Derivative expansion
So we can expand in small derivative terms:

                                                 [ 1 +    O(λ)  + O(λ2) + ... ]

Note that the expanded Lagrangian is only 
translation invariant up to higher order terms. 

An alternative formalism to perform the expansion 
treats the large momenta as labels on the fields.

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls + Lc+s

φ(§) → φc1(x) + φc2(x) + φs(x)

Leff →
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x) +
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x) +
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x)

Lc+s =
1

2
φ2

c1(x)φs(x) +
1

2
φ2

c2(x)φs(x)

φc1(x)φ2
s(x) φc1(x)φ2

c2(x) φc1(x)φc2(x)φs(x)

∫

ddxφ2
c1(x)φs(x) =

∫

ddx

∫

ddp1

(2π)d

∫

ddp2

(2π)d

∫

ddps

(2π)d
φ2

c1(p1)φ2
c1(p2)φs(ps) e−i(p1+p2+ps)x

∫

ddxφ2
c1(x)φs(x) =

∫

ddx φ2
c1(x)

[

1 + x⊥ · ∂⊥ + x+ · ∂x
−

+ . . .
]

φs(x)|x=x
−

=

∫

ddx φ2
c1(x)φs(x−) + . . .

12



Final result: leading-power scalar SCET Lagrangian

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls + Lc+s

φ(§) → φc1(x) + φc2(x) + φs(x)

Leff =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x) +
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x)

−
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x) −
g

2
φ2

c1(x)φs(x−) −
g

2
φ2

c2(x)φs(x−)

Leff =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x)

+
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x)

+
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x)

−
g

2
φ2

c1(x)φs(x−) −
g

2
φ2

c2(x)φs(x+)

Lc+s = −
g

2
φ2

c1(x)φs(x) −
g

2
φ2

c2(x)φs(x)

φc1(x)φ2
s(x) φc1(x)φ2

c2(x) φc1(x)φc2(x)φs(x)

∫
ddxφ2

c1(x)φs(x) =

∫
ddx

∫
ddp1

(2π)d

∫
ddp2

(2π)d

∫
ddps

(2π)d
φ2

c1(p1)φ2
c1(p2)φs(ps) e−i(p1+p2+ps)x

∫
ddxφ2

c1(x)φs(x) =

∫
ddx φ2

c1(x)
[
1 + x⊥ · ∂⊥ + x+ · ∂x

−

+ . . .
]

φs(x)|x=x
−

=

∫
ddx φ2

c1(x)φs(x−) + . . .

Lc1 =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
C φ3

c1(x)

C = 1 + g2C(1) + g4C(2) + . . .

13
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Normally the hard contributions lead to matching 
corrections. To take them into account, one has to 
write down the most general form of the 
Lagrangian, i.e. all operators compatible with the 
symmetries of the theory, multiplied by arbitrary 
coefficients.

These Wilson coefficients are then determined by 
matching:

• Calculate the same quantity in the full and 
effective theory.

• Adjusts the Wilson coefficients so as to 
reproduce the full theory result.

14



No matching corrections for Leff

Introduce Wilson coefficients, e.g. arbitrary coefficient 
of the φc13 term. 

                                           with

Matching calculation for C(1):

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls + Lc+s

φ(§) → φc1(x) + φc2(x) + φs(x)

Leff =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x) +
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x)

−
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x) −
g

2
φ2

c1(x)φs(x−) −
g

2
φ2

c2(x)φs(x−)

Leff =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x)

+
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x)

−
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x)

−
g

2
φ2

c1(x)φs(x−) −
g

2
φ2

c2(x)φs(x−)

Lc+s = −
g

2
φ2

c1(x)φs(x) −
g

2
φ2

c2(x)φs(x)

φc1(x)φ2
s(x) φc1(x)φ2

c2(x) φc1(x)φc2(x)φs(x)

∫

ddxφ2
c1(x)φs(x) =

∫

ddx

∫

ddp1

(2π)d

∫

ddp2

(2π)d

∫

ddps

(2π)d
φ2

c1(p1)φ2
c1(p2)φs(ps) e−i(p1+p2+ps)x

∫

ddxφ2
c1(x)φs(x) =

∫

ddx φ2
c1(x)

[

1 + x⊥ · ∂⊥ + x+ · ∂x
−

+ . . .
]

φs(x)|x=x
−

=

∫

ddx φ2
c1(x)φs(x−) + . . .

Lc1 =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
C φ3

c1(x)

C = 1 + g2C(1) + g4C(2) + . . .

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls + Lc+s

φ(§) → φc1(x) + φc2(x) + φs(x)

Leff =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x) +
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x)

−
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x) −
g

2
φ2

c1(x)φs(x−) −
g

2
φ2

c2(x)φs(x−)

Leff =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x)

+
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x)

−
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x)

−
g

2
φ2

c1(x)φs(x−) −
g

2
φ2

c2(x)φs(x−)

Lc+s = −
g

2
φ2

c1(x)φs(x) −
g

2
φ2

c2(x)φs(x)

φc1(x)φ2
s(x) φc1(x)φ2

c2(x) φc1(x)φc2(x)φs(x)

∫

ddxφ2
c1(x)φs(x) =

∫

ddx

∫

ddp1

(2π)d

∫

ddp2

(2π)d

∫

ddps

(2π)d
φ2

c1(p1)φ2
c1(p2)φs(ps) e−i(p1+p2+ps)x

∫

ddxφ2
c1(x)φs(x) =

∫

ddx φ2
c1(x)

[

1 + x⊥ · ∂⊥ + x+ · ∂x
−

+ . . .
]

φs(x)|x=x
−

=

∫

ddx φ2
c1(x)φs(x−) + . . .

Lc1 =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
C φ3

c1(x)

C = 1 + g2C(1) + g4C(2) + . . .

=                     + g2 C(1) 

             +                     + ...

Scaleless integral = 0

  → C=1 to all orders in PT.
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Current operator

In contrast to Leff, the current operator J does 
receive matching corrections. 

Write down the most general form in the effective 
theory, perform matching calculation.

We also have to allow for derivative terms.

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls + Lc+s

φ(§) → φc1(x) + φc2(x) + φs(x)

Leff =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x) +
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x)

−
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x) −
g

2
φ2

c1(x)φs(x−) −
g

2
φ2

c2(x)φs(x−)

Leff =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x)

+
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x)

−
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x)

−
g

2
φ2

c1(x)φs(x−) −
g

2
φ2

c2(x)φs(x−)

Lc+s = −
g

2
φ2

c1(x)φs(x) −
g

2
φ2

c2(x)φs(x)

φc1(x)φ2
s(x) φc1(x)φ2

c2(x) φc1(x)φc2(x)φs(x)

∫

ddxφ2
c1(x)φs(x) =

∫

ddx

∫

ddp1

(2π)d

∫

ddp2

(2π)d

∫

ddps

(2π)d
φ2

c1(p1)φ2
c1(p2)φs(ps) e−i(p1+p2+ps)x

∫

ddxφ2
c1(x)φs(x) =

∫

ddx φ2
c1(x)

[

1 + x⊥ · ∂⊥ + x+ · ∂x
−

+ . . .
]

φs(x)|x=x
−

=

∫

ddx φ2
c1(x)φs(x−) + . . .

Lc1 =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
C φ3

c1(x)

C = 1 + g2C(1) + g4C(2) + . . .

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

Scalar SCET

L =
1

2
∂µφ(x)∂µφ(x) −

g

3!
φ3(x)

J(x) = φ2(x)

φ(x) → φc1(x) + φc2(x) + φs(x)

L → Lc1 + Lc2 + Ls + Lc+s

φ(§) → φc1(x) + φc2(x) + φs(x)

Leff =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x) +
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x)

−
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x) −
g

2
φ2

c1(x)φs(x−) −
g

2
φ2

c2(x)φs(x−)

Leff =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
φ3

c1(x)

+
1

2
∂µφc2(x)∂µφc2(x) −

g

3!
φ3

c2(x)

−
1

2
∂µφs(x)∂µφs(x) −

g

3!
φ3

s(x)

−
g

2
φ2

c1(x)φs(x−) −
g

2
φ2

c2(x)φs(x−)

Lc+s = −
g

2
φ2

c1(x)φs(x) −
g

2
φ2

c2(x)φs(x)

φc1(x)φ2
s(x) φc1(x)φ2

c2(x) φc1(x)φc2(x)φs(x)

∫

ddxφ2
c1(x)φs(x) =

∫

ddx

∫

ddp1

(2π)d

∫

ddp2

(2π)d

∫

ddps

(2π)d
φ2

c1(p1)φ2
c1(p2)φs(ps) e−i(p1+p2+ps)x

∫

ddxφ2
c1(x)φs(x) =

∫

ddx φ2
c1(x)

[

1 + x⊥ · ∂⊥ + x+ · ∂x
−

+ . . .
]

φs(x)|x=x
−

=

∫

ddx φ2
c1(x)φs(x−) + . . .

Lc1 =
1

2
∂µφc1(x)∂µφc1(x) −

g

3!
C φ3

c1(x)

C = 1 + g2C(1) + g4C(2) + . . .

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

unsuppressed!
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The derivatives                  and                   are 
unsuppressed, because the collinear fields carry 
large energies in these directions. Even at leading 
power, we need to allow for arbitrary many such 
derivatives!

Or, in other words, we have to allow for non-
locality of the collinear fields along these directions:

SCET operators are non-local along light-cone 
directions corresponding to large energies.

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J2(x) =

∫

ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)
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This non-locality in position space translates into 
dependence on the large energies in momentum 
space

One-loop matching

k + pk + l

pkl

Figure 2: Scalar triangle diagram with an external soft momentum l and a
collinear momentum p. The loop momentum is denoted by k.

Figure 3: Scalar triangle diagram with an external soft momentum l and a
collinear momentum p. The loop momentum is denoted by k.
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J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥ φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥ φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J(x) = J2(x) =

∫
ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)

C̃2(n̄ · p n · l) =

∫
dsdt eisn̄·p e−itn·lC2(s, t)

C̃(1)
2 (n̄ · p n · l)

C̃(0)
3 (n · l1, n · l2, n̄ · p) =

−g

−n · l2 n̄ · p + iε

i

−n · l2 n̄ · p + iε
+ . . .

C̃(0)
2 = 1

Seff =

∫
d6x

1

2
∂µφs(x)∂µφs(x) +

∫
d6x

1

2
∂µφc1(x)∂µφc1(x) + . . .

Sint = −
g

3!

∫
d6xφ3

c2(x) −
g

3!

∫
d6x φ3

s(x) −
g

2

∫
d6xφ2

c1(x)φs(x−)

φc(x) ∼ λ2

φs(x) ∼ λ4

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥ φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥ φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J(x) = J2(x) =

∫
ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)

C̃2(n̄ · p n · l) =

∫
dsdt eisn̄·p e−itn·lC2(s, t)

C̃(1)
2 (n̄ · p n · l)

C̃(0)
3 (n · l1, n · l2, n̄ · p) =

−g

−n · l2 n̄ · p + iε

i

−n · l2 n̄ · p + iε
+ . . .

C̃(0)
2 = 1

Seff =

∫
d6x

1

2
∂µφs(x)∂µφs(x) +

∫
d6x

1

2
∂µφc1(x)∂µφc1(x) + . . .

Sint = −
g

3!

∫
d6xφ3

c2(x) −
g

3!

∫
d6x φ3

s(x) −
g

2

∫
d6xφ2

c1(x)φs(x−)

φc(x) ∼ λ2

φs(x) ∼ λ4



Tree-level matching for J3

+

=

l1 l2 p

+

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J2(x) =

∫
ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)

C̃2(n̄ · p1 n · p2) =

∫
dsdt eisn̄·p1 e−itn·p2C2(s, t)

C̃
(1)
2 (n̄ · p1 n · p2)

C̃
(0)
3 (n · l1, n · l2, n̄ · p) =

−g

−n · l2 n̄ · p + iε

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J2(x) =

∫
ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)

C̃2(n̄ · p1 n · p2) =

∫
dsdt eisn̄·p1 e−itn·p2C2(s, t)

C̃
(1)
2 (n̄ · p1 n · p2)

C̃
(0)
3 (n · l1, n · l2, n̄ · p) =

−g

−n · l2 n̄ · p + iε*

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J2(x) =

∫
ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)

C̃2(n̄ · p1 n · p2) =

∫
dsdt eisn̄·p1 e−itn·p2C2(s, t)

C̃
(1)
2 (n̄ · p1 n · p2)

C̃
(0)
3 (n · l1, n · l2, n̄ · p) =

−g

−n · l2 n̄ · p + iε

i

−n · l2 n̄ · p + iε
+ . . .

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J2(x) =

∫
ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)

C̃2(n̄ · p1 n · p2) =

∫
dsdt eisn̄·p1 e−itn·p2C2(s, t)

C̃
(1)
2 (n̄ · p1 n · p2)

C̃
(0)
3 (n · l1, n · l2, n̄ · p) =

−g

−n · l2 n̄ · p + iε

i

−n · l2 n̄ · p + iε
+ . . .

C̃
(0)
2 = 1
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With the effective Lagrangian and the tree-level 
current operator, we can now calculate the one-
loop corrections to the three-point functions.

The one-loop diagrams of the effective theory are 
in one-to-one correspondance to the loop integrals 
encountered using the strategy of regions method. 

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J2(x) =

∫
ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)

C̃2(n̄ · p1 n · p2) =

∫
dsdt eisn̄·p1 e−itn·p2C2(s, t)

C̃
(1)
2 (n̄ · p1 n · p2)

C̃
(0)
3 (n · l1, n · l2, n̄ · p) =

−g

−n · l2 n̄ · p + iε

region c2 region s
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Collinear region

Excercise: show that the diagram with the soft 
exchange indeed gives the contribution from the 
soft region.

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J2(x) =

∫
ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)

C̃2(n̄ · p1 n · p2) =

∫
dsdt eisn̄·p1 e−itn·p2C2(s, t)

C̃
(1)
2 (n̄ · p1 n · p2)

C̃
(0)
3 (n · l1, n · l2, n̄ · p) =

−g

−n · l2 n̄ · p + iε

I(I) =

∫ ∞

0
dk k−ε k

(k2 + m2)M2

{
1 −

k2

M2
+

k4

M4
+ . . .

}

=
m−ε

M2

{
1

ε
+ O(ε)

}
+ · · · =

1

M2

{
1

ε
− lnm + O(ε)

}
+ . . .

I(II) =

∫ ∞

0
dk k−ε k

k2(k2 + M2)

{
1 −

m2

k2
+

m4

k4
+ . . .

}

=
M−ε

M2

{
−

1

ε
+ O(ε)

}
+ · · · =

1

M2

{
−

1

ε
+ ln M

}
+ . . .

I = Γ
(
1 −

ε

2

)
Γ

(ε

2

) m−ε − M−ε

M2 − m2

I(I) =

∫ Λ

0
dk k−ε k

(k2 + m2)M2

{
1 −

k2

M2
+

k4

M4
+ . . .

}

=

[∫ ∞

0
dk −

∫ ∞

Λ
dk

]
k−ε k

(k2 + m2)M2

{
1 −

k2

M2
+

k4

M4
+ . . .

}

I(I) =

∫ Λ

0
dk k−ε k

(k2 + m2)M2

{
1 −

k2

M2
+ . . .

}

=

[∫ ∞

0
dk −

∫ ∞

Λ
dk

]
k−ε k

(k2 + m2)M2

{
1 −

k2

M2
+ . . .

}

∫ ∞

Λ
dk k−ε k

(k2 + m2)M2

{
1 −

k2

M2
+ . . .

}
=

∫ ∞

Λ
dk k−ε k

k2 M2

{
1 −

m2

k2
−

k2

M2
+ . . .

}
∼ Λ−ε

Expansion of the Sudakov integral

Ih = iπ−d/2µ4−d

∫
ddk

1

(k2 + i0) (k2 + 2k− · l+ + i0) (k2 + 2k+ · p− + i0)

=
Γ(1 + ε)

2l+ · p−

Γ2(−ε)

Γ(1 − 2ε)

(
µ2

2l+ · p−

)ε

=
Γ(1 + ε)

Q2

(
1

ε2
+

1

ε
ln

µ2

Q2
+

1

2
ln2 µ2

Q2
−

π2

6

)
+ O(ε) , (1)

Ic2 = iπ−d/2µ4−d

∫
ddk

1

(k2 + i0) [(k + l)2 + i0] (2k+ · p− + i0)

= −
Γ(1 + ε)

2l+ · p−

Γ2(−ε)

Γ(1 − 2ε)

(
µ2

L2

)ε

=
Γ(1 + ε)

Q2

(
−

1

ε2
−

1

ε
ln

µ2

L2
−

1

2
ln2 µ2

L2
+

π2

6

)
+ O(ε) . (2)

~
k

k+l

l p
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Power counting in d=6
The kinetic terms in the action are O(λ0)

which implies

 The fields have mass dimension 2.

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J2(x) =

∫
ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)

C̃2(n̄ · p1 n · p2) =

∫
dsdt eisn̄·p1 e−itn·p2C2(s, t)

C̃
(1)
2 (n̄ · p1 n · p2)

C̃
(0)
3 (n · l1, n · l2, n̄ · p) =

−g

−n · l2 n̄ · p + iε

i

−n · l2 n̄ · p + iε
+ . . .

C̃
(0)
2 = 1

Seff =

∫
d6x

1

2
∂µφs(x)∂µφs(x) +

∫
d6x

1

2
∂µφc1(x)∂µφc1(x) + . . .

λ−6

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J2(x) =

∫
ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)

C̃2(n̄ · p1 n · p2) =

∫
dsdt eisn̄·p1 e−itn·p2C2(s, t)

C̃
(1)
2 (n̄ · p1 n · p2)

C̃
(0)
3 (n · l1, n · l2, n̄ · p) =

−g

−n · l2 n̄ · p + iε

i

−n · l2 n̄ · p + iε
+ . . .

C̃
(0)
2 = 1

Seff =

∫
d6x

1

2
∂µφs(x)∂µφs(x) +

∫
d6x

1

2
∂µφc1(x)∂µφc1(x) + . . .

φc(x) ∼ λ2

φs(x) ∼ λ4

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J2(x) =

∫
ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)

C̃2(n̄ · p1 n · p2) =

∫
dsdt eisn̄·p1 e−itn·p2C2(s, t)

C̃
(1)
2 (n̄ · p1 n · p2)

C̃
(0)
3 (n · l1, n · l2, n̄ · p) =

−g

−n · l2 n̄ · p + iε

i

−n · l2 n̄ · p + iε
+ . . .

C̃
(0)
2 = 1

Seff =

∫
d6x

1

2
∂µφs(x)∂µφs(x) +

∫
d6x

1

2
∂µφc1(x)∂µφc1(x) + . . .

φc(x) ∼ λ2

φs(x) ∼ λ4

λ−12
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Interactions
For the interaction terms, we have:

Soft-collinear interactions are power suppressed.

Also, the current operators with more fields are 
power suppressed.  At leading power

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J2(x) =

∫
ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)

C̃2(n̄ · p1 n · p2) =

∫
dsdt eisn̄·p1 e−itn·p2C2(s, t)

C̃
(1)
2 (n̄ · p1 n · p2)

C̃
(0)
3 (n · l1, n · l2, n̄ · p) =

−g

−n · l2 n̄ · p + iε

i

−n · l2 n̄ · p + iε
+ . . .

C̃
(0)
2 = 1

Seff =

∫
d6x

1

2
∂µφs(x)∂µφs(x) +

∫
d6x

1

2
∂µφc1(x)∂µφc1(x) + . . .

Sint = −
g

3!

∫
d6xφ3

c2(x) −
g

3!

∫
d6x φ3

s(x) −
g

2

∫
d6xφ2

c1(x)φs(x−)

φc(x) ∼ λ2

φs(x) ∼ λ4

λ0 λ0 λ2

J = J2 + J3 + · · · ∼ C2 φc1φc2 + C3 [φ2
c1φc2 + φc1φ

2
c2] + . . .

n · ∂ φc1(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

n · ∂ φc2(x) ∼ λ2φc1(x) , n̄ · ∂ φc1(x) ∼ λ0φc1(x) , ∂µ
⊥

φc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x) ∼ λφc1(x)

J(x) = J2(x) =

∫
ds dt C2(s, t)φc1(x + sn̄)φc2(x + tn)

C̃2(n̄ · p1 n · p2) =

∫
dsdt eisn̄·p1 e−itn·p2C2(s, t)

C̃
(1)
2 (n̄ · p1 n · p2)

C̃
(0)
3 (n · l1, n · l2, n̄ · p) =

−g

−n · l2 n̄ · p + iε

i

−n · l2 n̄ · p + iε
+ . . .

C̃
(0)
2 = 1

Seff =

∫
d6x

1

2
∂µφs(x)∂µφs(x) +

∫
d6x

1

2
∂µφc1(x)∂µφc1(x) + . . .

Sint = −
g

3!

∫
d6xφ3

c2(x) −
g

3!

∫
d6x φ3

s(x) −
g

2

∫
d6xφ2

c1(x)φs(x−)

φc(x) ∼ λ2

φs(x) ∼ λ4
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Factorization of the Sudakov form factor in d=6

The structure of the effective theory implies, that 
at leading power in λ, and to all orders in 
perturbation theory:

= C̃2(Q2)

J(L2) J(P 2)

+ ...

24

Our first factorization theorem!

F (Q2, L2, P 2)


