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Resummation by 
renormalization group (RG)  

evolution
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We now discuss renormalization and RG evolution 
in the effective theory. 

It would be nice to resum logarithmically enhanced 
contributions to a physical cross section. SCET has 
been used to resum log’s in DIS, Drell-Yan, Higgs 
production, event shapes, ... 

For simplicity, we’ll instead just discuss the Sudakov 
form factor. In this case, we have just derived the 
necessary factorization theorem. Furthermore it 
also serves as an introduction to the discussion of 
n-point amplitudes in the last lecture.

4



The Fourier transform of the matching coefficient 
of the current operator

is obtained by evaluating the on-shell form factor.

This gives the bare Wilson coefficient              .

Matching
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n̄ · D W (x) = 0

Wc(x) = P exp

[
ig

∫ 0

−∞

ds n̄ · Ac(x + sn̄)

]
,

Sn(x) = P exp

[
ig

∫ 0

−∞

ds n · As(x + sn)

]

Wc(x) = P exp

[
ig

∫ 0

−∞

ds n̄ · Ac(x + sn̄)

]
, Sn(x) = P exp

[
ig

∫ 0

−∞

ds n · As(x + sn)

]

ξ(x) → Sn(x−)ξ(0)(x) ,

Aµ
c (x) → Sn(x−)A(0)

c

µ
(x)S†

n(x−)

Lint = ξ̄
/̄n

2
in̄ · D ξ

→ ξ̄(0) S†
n(x−)

/̄n

2

[
in̄ · ∂ + gSn(x−) n̄ · A(0)

c S†
n(x−) + gn̄ · As(x−)

]
Sn(x−)ξ(0)

= ξ̄(0) /̄n

2
n̄ · A(0)

c ξ(0) + ξ̄(0) S†
n(x−)

/̄n

2
n · DsSn(x−)ξ(0)

= ξ̄(0) /̄n

2
n̄ · A(0)

c ξ(0) + ξ̄(0) /̄n

2
n · ∂ ξ(0)(x) = ξ̄(0) /̄n

2
n · Dc ξ(0)

ψ(x)γµψ(x) →

∫
dsdt CV (s, t)χc1(x + sn̄) γµ

⊥ χc2(x + tn) (2)

χc1(x) = W †
c1(x) ξc1(x) , χc2(x) = W †

c2(x) ξc2(x) grab garb grnrr grnrr (3)

/n χc1(x) = /̄n χc2(x) = 0 (4)

χc1(x + sn̄) γµ
⊥ χc2(x + tn)

→ χ(0)
c1 (x + sn̄)S†

n(x−) γµ
⊥ Sn̄(x+)χ(0)

c2 (x + tn) (5)

=

p l

p2=l2=0
C̃(0)

V (Q2)

C̃(0)
V (Q2)



Renormalization
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At one loop, one finds (3-loop is known!)

Let us define a renormalized Wilson coefficient by 
absorbing the divergences into a Z-factor:

where                             and

n̄ · D W (x) = 0

Wc(x) = P exp

[
ig

∫ 0

−∞

ds n̄ · Ac(x + sn̄)

]
,

Sn(x) = P exp

[
ig

∫ 0

−∞

ds n · As(x + sn)

]

Wc(x) = P exp

[
ig

∫ 0

−∞

ds n̄ · Ac(x + sn̄)

]
, Sn(x) = P exp

[
ig

∫ 0

−∞

ds n · As(x + sn)

]

ξ(x) → Sn(x−)ξ(0)(x) ,

Aµ
c (x) → Sn(x−)A(0)

c

µ
(x)S†

n(x−)

Lint = ξ̄
/̄n

2
in̄ · D ξ

→ ξ̄(0) S†
n(x−)

/̄n

2

[
in̄ · ∂ + gSn(x−) n̄ · A(0)

c S†
n(x−) + gn̄ · As(x−)

]
Sn(x−)ξ(0)

= ξ̄(0) /̄n

2
n̄ · A(0)

c ξ(0) + ξ̄(0) S†
n(x−)

/̄n

2
n · DsSn(x−)ξ(0)

= ξ̄(0) /̄n

2
n̄ · A(0)

c ξ(0) + ξ̄(0) /̄n

2
n · ∂ ξ(0)(x) = ξ̄(0) /̄n

2
n · Dc ξ(0)

ψ(x)γµψ(x) →

∫
dsdt CV (s, t)χc1(x + sn̄) γµ

⊥ χc2(x + tn) (2)

χc1(x) = W †
c1(x) ξc1(x) , χc2(x) = W †

c2(x) ξc2(x) grab garb grnrr grnrr (3)

/n χc1(x) = /̄n χc2(x) = 0 (4)

χc1(x + sn̄) γµ
⊥ χc2(x + tn)

→ χ(0)
c1 (x + sn̄)S†

n(x−) γµ
⊥ Sn̄(x+)χ(0)

c2 (x + tn) (5)

C̃(0)
V (Q2) = 1 +

α(0)
s

4π
CF

(
−

2

ε2
−

3

ε
− 8 +

π2
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) (
Q2

)−ε

C̃V (Q2, µ2) = lim
ε→0

Z−1(Q2, µ2) C̃(0)
V (Q2)

n̄ · D W (x) = 0

Wc(x) = P exp

[
ig

∫ 0

−∞

ds n̄ · Ac(x + sn̄)

]
,

Sn(x) = P exp

[
ig

∫ 0

−∞

ds n · As(x + sn)

]

Wc(x) = P exp

[
ig

∫ 0

−∞

ds n̄ · Ac(x + sn̄)

]
, Sn(x) = P exp

[
ig

∫ 0

−∞

ds n · As(x + sn)

]

ξ(x) → Sn(x−)ξ(0)(x) ,

Aµ
c (x) → Sn(x−)A(0)

c

µ
(x)S†

n(x−)

Lint = ξ̄
/̄n

2
in̄ · D ξ

→ ξ̄(0) S†
n(x−)

/̄n

2

[
in̄ · ∂ + gSn(x−) n̄ · A(0)

c S†
n(x−) + gn̄ · As(x−)

]
Sn(x−)ξ(0)

= ξ̄(0) /̄n

2
n̄ · A(0)

c ξ(0) + ξ̄(0) S†
n(x−)

/̄n

2
n · DsSn(x−)ξ(0)

= ξ̄(0) /̄n

2
n̄ · A(0)

c ξ(0) + ξ̄(0) /̄n

2
n · ∂ ξ(0)(x) = ξ̄(0) /̄n

2
n · Dc ξ(0)

ψ(x)γµψ(x) →

∫
dsdt CV (s, t)χc1(x + sn̄) γµ

⊥ χc2(x + tn) (2)

χc1(x) = W †
c1(x) ξc1(x) , χc2(x) = W †

c2(x) ξc2(x) grab garb grnrr grnrr (3)

/n χc1(x) = /̄n χc2(x) = 0 (4)

χc1(x + sn̄) γµ
⊥ χc2(x + tn)

→ χ(0)
c1 (x + sn̄)S†

n(x−) γµ
⊥ Sn̄(x+)χ(0)

c2 (x + tn) (5)

C̃(0)
V (Q2) = 1 +

α(0)
s

4π
CF

(
−

2

ε2
−

3

ε
− 8 +

π2

6

) (
Q2

)−ε

C̃V (Q2, µ2) = lim
ε→0

Z−1(Q2, µ2) C̃(0)
V (Q2)

n̄ · D W (x) = 0

Wc(x) = P exp

[
ig

∫ 0

−∞

ds n̄ · Ac(x + sn̄)

]
,

Sn(x) = P exp

[
ig

∫ 0

−∞

ds n · As(x + sn)

]

Wc(x) = P exp

[
ig

∫ 0

−∞

ds n̄ · Ac(x + sn̄)

]
, Sn(x) = P exp

[
ig

∫ 0

−∞

ds n · As(x + sn)

]

ξ(x) → Sn(x−)ξ(0)(x) ,

Aµ
c (x) → Sn(x−)A(0)

c

µ
(x)S†

n(x−)

Lint = ξ̄
/̄n

2
in̄ · D ξ

→ ξ̄(0) S†
n(x−)

/̄n

2

[
in̄ · ∂ + gSn(x−) n̄ · A(0)

c S†
n(x−) + gn̄ · As(x−)

]
Sn(x−)ξ(0)

= ξ̄(0) /̄n

2
n̄ · A(0)

c ξ(0) + ξ̄(0) S†
n(x−)

/̄n

2
n · DsSn(x−)ξ(0)

= ξ̄(0) /̄n

2
n̄ · A(0)

c ξ(0) + ξ̄(0) /̄n

2
n · ∂ ξ(0)(x) = ξ̄(0) /̄n

2
n · Dc ξ(0)

ψ(x)γµψ(x) →

∫
dsdt CV (s, t)χc1(x + sn̄) γµ

⊥ χc2(x + tn) (2)

χc1(x) = W †
c1(x) ξc1(x) , χc2(x) = W †

c2(x) ξc2(x) grab garb grnrr grnrr (3)

/n χc1(x) = /̄n χc2(x) = 0 (4)

χc1(x + sn̄) γµ
⊥ χc2(x + tn)

→ χ(0)
c1 (x + sn̄)S†

n(x−) γµ
⊥ Sn̄(x+)χ(0)

c2 (x + tn) (5)

C̃(0)
V (Q2) = 1 +

α(0)
s

4π
CF

(
−

2

ε2
−

3

ε
− 8 +

π2

6

) (
Q2

)−ε

C̃V (Q2, µ2) = lim
ε→0

Z−1(Q2, µ2) C̃(0)
V (Q2)

Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]
α(0)

s = Zα µ2�αs(µ)



RG equation
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The renormalized Wilson coefficient

fulfills the renormalization group equation:

At one loop:

                                 and

n̄ · D W (x) = 0

Wc(x) = P exp

[
ig

∫ 0

−∞

ds n̄ · Ac(x + sn̄)

]
,

Sn(x) = P exp

[
ig

∫ 0

−∞

ds n · As(x + sn)

]

Wc(x) = P exp

[
ig

∫ 0

−∞

ds n̄ · Ac(x + sn̄)

]
, Sn(x) = P exp

[
ig

∫ 0

−∞

ds n · As(x + sn)

]

ξ(x) → Sn(x−)ξ(0)(x) ,

Aµ
c (x) → Sn(x−)A(0)

c

µ
(x)S†

n(x−)

Lint = ξ̄
/̄n

2
in̄ · D ξ

→ ξ̄(0) S†
n(x−)

/̄n

2

[
in̄ · ∂ + gSn(x−) n̄ · A(0)

c S†
n(x−) + gn̄ · As(x−)

]
Sn(x−)ξ(0)

= ξ̄(0) /̄n

2
n̄ · A(0)

c ξ(0) + ξ̄(0) S†
n(x−)

/̄n

2
n · DsSn(x−)ξ(0)

= ξ̄(0) /̄n

2
n̄ · A(0)

c ξ(0) + ξ̄(0) /̄n

2
n · ∂ ξ(0)(x) = ξ̄(0) /̄n

2
n · Dc ξ(0)

ψ(x)γµψ(x) →

∫
dsdt CV (s, t)χc1(x + sn̄) γµ

⊥ χc2(x + tn) (2)

χc1(x) = W †
c1(x) ξc1(x) , χc2(x) = W †

c2(x) ξc2(x) grab garb grnrr grnrr (3)

/n χc1(x) = /̄n χc2(x) = 0 (4)

χc1(x + sn̄) γµ
⊥ χc2(x + tn)

→ χ(0)
c1 (x + sn̄)S†

n(x−) γµ
⊥ Sn̄(x+)χ(0)

c2 (x + tn) (5)

C̃(0)
V (Q2) = 1 +

α(0)
s

4π
CF

(
−

2

ε2
−

3

ε
− 8 +

π2

6

) (
Q2

)−ε

C̃V (Q2, µ2) = lim
ε→0

Z−1(Q2, µ2) C̃(0)
V (Q2)

Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)
Z(Q2, µ2) = 1 +

αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)

d

d lnµ
CV (Q2, µ2) =

[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
CV (Q2, µ2)

Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)

d

d lnµ
CV (Q2, µ2) =

[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
CV (Q2, µ2)

γV (αs) = 6 CF
αs(µ)

4π

γcusp(αs) = 4
αs(µ)

4π

Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)

d

d lnµ
CV (Q2, µ2) =

[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
CV (Q2, µ2)

γV (αs) = −6 CF
αs(µ)

4π

γcusp(αs) = 4
αs(µ)

4π

name will be explained later 



Aside: Three-loop anomalous dimension
Divergencies of the on-shell form factor are known to 3-loops , 
(Moch, Vermaseren Vogt ‘05). Since last year, also the finite pieces are 
known at this accuracy. Using these results, one can extract the 
anomalous dimension to three loops:

We now list expressions for the anomalous dimensions and the QCD β-function, quoting
all results in the MS renormalization scheme. For the convenience of the reader, we also give
numerical results for nf = 5. The expansion of the cusp anomalous dimension Γcusp to two-
loop order was obtained some time ago [10], while recently the three-loop coefficient has been
obtained in [46]. For the four-loop coefficient Γ3, we use the Padé approximants derived in
[4]. The results are

Γ0 = 4CF =
16

3
,

Γ1 = 4CF

[(
67

9
− π2

3

)

CA − 20

9
TF nf

]

≈ 36.8436 ,

Γ2 = 4CF

[

C2
A

(
245

6
− 134π2

27
+

11π4

45
+

22

3
ζ3

)

+ CATF nf

(

−418

27
+

40π2

27
− 56

3
ζ3

)

+ CFTF nf

(
−55

3
+ 16ζ3

)
− 16

27
T 2

F n2
f

]

≈ 239.208 ,

Γ3 ≈ 7849, 4313, 1553 for nf = 3, 4, 5 . (95)

The anomalous dimension γV can be determined up to three-loop order from the partial three-
loop expression for the on-shell quark form factor in QCD, which has recently been obtained
in [45]. We find

γV
0 = −6CF = −8 ,

γV
1 = C2

F

(
−3 + 4π2 − 48ζ3

)
+ CF CA

(

−961

27
− 11π2

3
+ 52ζ3

)

+ CFTF nf

(
260

27
+

4π2

3

)

≈ 1.1419 ,

γV
2 = C3

F

(

−29 − 6π2 − 16π4

5
− 136ζ3 +

32π2

3
ζ3 + 480ζ5

)

+ C2
F CA

(

−151

2
+

410π2

9
+

494π4

135
− 1688

3
ζ3 −

16π2

3
ζ3 − 240ζ5

)

+ CF C2
A

(

−139345

1458
− 7163π2

243
− 83π4

45
+

7052

9
ζ3 −

88π2

9
ζ3 − 272ζ5

)

+ C2
F TF nf

(
5906

27
− 52π2

9
− 56π4

27
+

1024

9
ζ3

)

+ CF CATFnf

(

−34636

729
+

5188π2

243
+

44π4

45
− 3856

27
ζ3

)

+ CF T 2
F n2

f

(
19336

729
− 80π2

27
− 64

27
ζ3

)

≈ −249.388 . (96)

35
8
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What is special, is that the RG equation

contains explicit logarithmic dependence on μ. This 
is characteristic for problems with Sudakov double 
logarithms. 

The solution of this equation (exercise) sums the 
logarithmic terms to all orders. To obtain the 
solution, use that 

                                

Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)

d

d lnµ
CV (Q2, µ2) =

[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
CV (Q2, µ2)

γV (αs) = −6 CF
αs(µ)

4π

γcusp(αs) = 4
αs(µ)

4π

dαs

d lnµ
= β(αs)

Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)

d

d lnµ
C̃V (Q2, µ2) =

[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
C̃V (Q2, µ2)

γV (αs) = −6 CF
αs(µ)

4π

γcusp(αs) = 4
αs(µ)

4π

dαs

d lnµ
= β(αs)

C̃V (Q2, µ) = U(µh, µ) C̃V (Q2, µh) (6)

U(µh, µ) = exp [2CF S(µh, µ) − AγV (µh, µ)]

(
Q2

µ2
h

)−CF Aγcusp (µh,µ)

(7)

Here,

S(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γcusp(α)

β(α)

∫ α

αs(ν)

dα′

β(α′)
(8)

and

Aγ(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γ(α)

β(α)
. (9)



Evolution factor

with

Solution
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Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)

d

d lnµ
CV (Q2, µ2) =

[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
CV (Q2, µ2)

γV (αs) = −6 CF
αs(µ)

4π

γcusp(αs) = 4
αs(µ)

4π

dαs

d lnµ
= β(αs)

CV (Q2, µ) = U(µh, µ)CV (Q2, µh) (6)

U(µh, µ) = exp [2CF S(µh, µ) − AγV (µh, µ)]

(
Q2

µ2
h

)−CF Aγcusp (µh,µ)

(7)

Here,

S(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γcusp(α)

β(α)

∫ α

αs(ν)

dα′

β(α′)
(8)

and

Aγ(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γ(α)

β(α)
. (9)

Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)

d

d lnµ
CV (Q2, µ2) =

[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
CV (Q2, µ2)

γV (αs) = −6 CF
αs(µ)

4π

γcusp(αs) = 4
αs(µ)

4π

dαs

d lnµ
= β(αs)

CV (Q2, µ) = U(µh, µ)CV (Q2, µh) (6)

U(µh, µ) = exp [2CF S(µh, µ) − AγV (µh, µ)]

(
Q2

µ2
h

)−CF Aγcusp (µh,µ)

(7)

Here,

S(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γcusp(α)

β(α)

∫ α

αs(ν)

dα′

β(α′)
(8)

and
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+
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The explicit solution is obtained by plugging in the 
perturbative expansion for the β-function and the 
anomalous dimensions

and performing the integrals

Red part corresponds to “leading-log accuracy”. 
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+
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+
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−
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β1

2β0
ln2 r

}

(15)

Aγ(ν, µ) =
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β(αs) = −2αs

[
β0

αs

4π
+ β1

(αs

4π

)2
+ . . .
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+ . . .
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The perturbation expansion for the fixed order 
result for CV 

breaks down for μ ≪ Q or μ ≫ Q because the 
logarithms become large.

In contrast, for μh≈Q the RG improved result

is valid for any scale μ for which αs is perturbative.

                                

n̄ · D W (x) = 0

Wc(x) = P exp

[
ig

∫ 0

−∞

ds n̄ · Ac(x + sn̄)

]
,

Sn(x) = P exp

[
ig

∫ 0

−∞

ds n · As(x + sn)

]

Wc(x) = P exp

[
ig

∫ 0

−∞

ds n̄ · Ac(x + sn̄)

]
, Sn(x) = P exp
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ig

∫ 0

−∞

ds n · As(x + sn)

]

ξ(x) → Sn(x−)ξ(0)(x) ,

Aµ
c (x) → Sn(x−)A(0)

c

µ
(x)S†

n(x−)

Lint = ξ̄
/̄n

2
in̄ · D ξ

→ ξ̄(0) S†
n(x−)

/̄n

2

[
in̄ · ∂ + gSn(x−) n̄ · A(0)

c S†
n(x−) + gn̄ · As(x−)

]
Sn(x−)ξ(0)

= ξ̄(0) /̄n

2
n̄ · A(0)

c ξ(0) + ξ̄(0) S†
n(x−)

/̄n

2
n · DsSn(x−)ξ(0)

= ξ̄(0) /̄n

2
n̄ · A(0)

c ξ(0) + ξ̄(0) /̄n

2
n · ∂ ξ(0)(x) = ξ̄(0) /̄n

2
n · Dc ξ(0)

ψ(x)γµψ(x) →
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⊥ χc2(x + tn) (2)

χc1(x) = W †
c1(x) ξc1(x) , χc2(x) = W †

c2(x) ξc2(x) grab garb grnrr grnrr (3)

/n χc1(x) = /̄n χc2(x) = 0 (4)

χc1(x + sn̄) γµ
⊥ χc2(x + tn)

→ χ(0)
c1 (x + sn̄)S†

n(x−) γµ
⊥ Sn̄(x+)χ(0)

c2 (x + tn) (5)

C̃(0)
V (Q2) = 1 +

α(0)
s

4π
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(
−

2

ε2
−

3

ε
− 8 +

π2

6

) (
Q2
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Z−1(Q2, µ2) C̃(0)
V (Q2)

Z(Q2, µ2) = 1 +
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−
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−
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+
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− 8

)
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−
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αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+
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[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)
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γV (αs) = −6 CF
αs(µ)

4π

γcusp(αs) = 4
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h
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(7)

Here,

S(ν, µ) = −

∫ αs(µ)

αs(ν)
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β(α)

∫ α

αs(ν)

dα′

β(α′)
(8)

and

Aγ(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γ(α)

β(α)
. (9)



Why resummation?
In problems with widely separated physical scales 
Λ1 ≫ Λ2 fixed order perturbation theory is not 
appropriate

• Large logarithms αsn Logn(Λ1/Λ2) and Sudakov 
logarithms αsn Log2n(Λ1/Λ2).

• Scale in coupling? αs(Λ1) or αs(Λ2)?
Standard solution

• Use effective theories to separate the effects 
associated with different scales. 

• RG evolution in the effective theory resums 
large log’s. 
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Factorization

We have integrated out the hard contribution and 
absorbed it into the  Wilson coefficient                . 

The decoupling further factorized the soft and 
collinear interactions, so that our matrix element 
factorizes into collinear functions                and 
jetfunasc2 times a soft function               . 

Each function fulfills a RG equation of the same 
structure as the one for                 .   

14

Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)

d

d lnµ
C̃V (Q2, µ2) =

[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
C̃V (Q2, µ2)

γV (αs) = −6 CF
αs(µ)

4π

γcusp(αs) = 4
αs(µ)

4π

dαs

d lnµ
= β(αs)

C̃V (Q2, µ) = U(µh, µ) C̃V (Q2, µh) (6)

U(µh, µ) = exp [2CF S(µh, µ) − AγV (µh, µ)]

(
Q2

µ2
h

)−CF Aγcusp (µh,µ)

(7)

Here,

S(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γcusp(α)

β(α)

∫ α

αs(ν)

dα′

β(α′)
(8)

and

Aγ(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γ(α)

β(α)
. (9)

F (Q2, L2, P 2) = C̃V (Q2, µ2) J̃(L2, µ2) J̃(P 2, µ2) S̃(Λ2
s, µ

2) (10)

F (Q2, L2, P 2) = C̃(0)
V (Q2) J̃ (0)(L2) J̃ (0)(P 2) S̃(0)(Λ2

s) (11)

Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)

d

d lnµ
C̃V (Q2, µ2) =

[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
C̃V (Q2, µ2)

γV (αs) = −6 CF
αs(µ)

4π

γcusp(αs) = 4
αs(µ)

4π

dαs

d lnµ
= β(αs)

C̃V (Q2, µ) = U(µh, µ) C̃V (Q2, µh) (6)

U(µh, µ) = exp [2CF S(µh, µ) − AγV (µh, µ)]

(
Q2

µ2
h

)−CF Aγcusp (µh,µ)

(7)

Here,

S(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γcusp(α)

β(α)

∫ α

αs(ν)

dα′

β(α′)
(8)

and

Aγ(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γ(α)

β(α)
. (9)

F (Q2, L2, P 2) = C̃V (Q2, µ2) J̃(L2, µ2) J̃(P 2, µ2) S̃(Λ2
s, µ

2) (10)

F (Q2, L2, P 2) = C̃(0)
V (Q2) J̃ (0)(L2) J̃ (0)(P 2) S̃(0)(Λ2

s) (11)

Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)

d

d lnµ
C̃V (Q2, µ2) =

[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
C̃V (Q2, µ2)

γV (αs) = −6 CF
αs(µ)

4π

γcusp(αs) = 4
αs(µ)

4π

dαs

d lnµ
= β(αs)

C̃V (Q2, µ) = U(µh, µ) C̃V (Q2, µh) (6)

U(µh, µ) = exp [2CF S(µh, µ) − AγV (µh, µ)]

(
Q2

µ2
h

)−CF Aγcusp (µh,µ)

(7)

Here,

S(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γcusp(α)

β(α)

∫ α

αs(ν)

dα′

β(α′)
(8)

and

Aγ(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γ(α)

β(α)
. (9)

F (Q2, L2, P 2) = C̃V (Q2, µ2) J̃(L2, µ2) J̃(P 2, µ2) S̃(Λ2
s, µ

2) (10)

F (Q2, L2, P 2) = C̃(0)
V (Q2) J̃ (0)(L2) J̃ (0)(P 2) S̃(0)(Λ2

s) (11)

Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)

d

d lnµ
C̃V (Q2, µ2) =

[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
C̃V (Q2, µ2)

γV (αs) = −6 CF
αs(µ)

4π

γcusp(αs) = 4
αs(µ)

4π

dαs

d lnµ
= β(αs)

C̃V (Q2, µ) = U(µh, µ) C̃V (Q2, µh) (6)

U(µh, µ) = exp [2CF S(µh, µ) − AγV (µh, µ)]

(
Q2

µ2
h

)−CF Aγcusp (µh,µ)

(7)

Here,

S(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γcusp(α)

β(α)

∫ α

αs(ν)

dα′

β(α′)
(8)

and

Aγ(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γ(α)

β(α)
. (9)

F (Q2, L2, P 2) = C̃V (Q2, µ2) J̃(L2, µ2) J̃(P 2, µ2) S̃(Λ2
s, µ

2) (10)

F (Q2, L2, P 2) = C̃(0)
V (Q2) J̃ (0)(L2) J̃ (0)(P 2) S̃(0)(Λ2

s) (11)

Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)

d

d lnµ
C̃V (Q2, µ2) =

[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
C̃V (Q2, µ2)

γV (αs) = −6 CF
αs(µ)

4π

γcusp(αs) = 4
αs(µ)

4π

dαs

d lnµ
= β(αs)

C̃V (Q2, µ) = U(µh, µ) C̃V (Q2, µh) (6)

U(µh, µ) = exp [2CF S(µh, µ) − AγV (µh, µ)]

(
Q2

µ2
h

)−CF Aγcusp (µh,µ)

(7)

Here,

S(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γcusp(α)

β(α)

∫ α

αs(ν)

dα′

β(α′)
(8)

and

Aγ(ν, µ) = −

∫ αs(µ)

αs(ν)
dα

γ(α)

β(α)
. (9)

F (Q2, L2, P 2) = C̃V (Q2, µ2) J̃(L2, µ2) J̃(P 2, µ2) S̃(Λ2
s, µ

2) (10)

F (Q2, L2, P 2) = C̃(0)
V (Q2) J̃ (0)(L2) J̃ (0)(P 2) S̃(0)(Λ2

s) (11)

Z(Q2, µ2) = 1 +
αs

4π
CF

[
−

2

ε2
−

2

ε
ln

Q2

µ2
−

3

ε

]

C̃V (Q2, µ2) = 1 +
αs(µ)

4π
CF

(
− ln2 Q2

µ2
+ 3 ln

Q2

µ2
+

π2

6
− 8

)

d

d lnµ
C̃V (Q2, µ2) =

[
CF γcusp(αs) ln

Q2

µ2
+ γV (αs)

]
C̃V (Q2, µ2)

γV (αs) = −6 CF
αs(µ)

4π

γcusp(αs) = 4
αs(µ)

4π

dαs

d lnµ
= β(αs)

C̃V (Q2, µ) = U(µh, µ) C̃V (Q2, µh) (6)

U(µh, µ) = exp [2CF S(µh, µ) − AγV (µh, µ)]

(
Q2

µ2
h

)−CF Aγcusp (µh,µ)

(7)

Here,

S(ν, µ) = −
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−∞

ds n · As(x + sn)

]
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µ
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→ ξ̄(0) S†
n(x−)

/̄n
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[
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c ξ(0) + ξ̄(0) S†
n(x−)

/̄n

2
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2
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n · Dc ξ(0)
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⊥ χc2(x + tn) (2)
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c1(x) ξc1(x) , χc2(x) = W †

c2(x) ξc2(x) grab garb grnrr grnrr (3)

/n χc1(x) = /̄n χc2(x) = 0 (4)
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⊥ χc2(x + tn)

→ χ(0)
c1 (x + sn̄)S†

n(x−) γµ
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c2 (x + tn) (5)

C̃V (Q2)



Evaluate each part at its characteristic scale, evolve to 
common reference scale μ

Each contribution is evaluated at its natural scale. No 
large perturbative logarithms. 
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Factorization constraint on the anomalous dimensions

For this cancellation to work, it is crucial that the scale 
dependence is logarithmic, with a universal coefficient.
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Cusp anomalous dimension
Wilson lines with cusps require renormalization and 
the anomalous dimension is proportional to the cusp 
angle. 

The cusp angle                            diverges for light-like 

Wilson lines.  Anomalous dimension has the form
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Figure 3: Color-singlet contractions of four Wilson lines in the fundamental representation.
The resulting Wilson-loop operators mix under renormalization.

that the ratio of any two such variables is an O(1) quantity. In principle, arbitrary functions
of combinations of such ratios can arise in the expressions for the scattering amplitudes. The
situation is, however, very different for the IR-singular terms in the amplitudes. RG invariance
of the effective theory requires that the anomalous dimensions of the hard matching coeffi-
cients |Cn({p}, µ)〉, which according to (2) correspond to the on-shell scattering amplitudes,
must be decomposable into sums of collinear and soft contributions. This requires a rewriting
of the hard momentum variables sij in terms of soft and collinear variables. The very fact that
such a rewriting must exist restricts the functional dependence of the anomalous dimension
on the sij variables to be single logarithmic. Moreover, the structure of the effective theory
enforces that terms depending on the collinear variables cannot lead to correlations between
different partons and must be diagonal in color space. Correlations can only arise through soft
gluon exchange. The universal structure of these interactions implies that any dependence
on the identity of the external partons can only arise via their momenta and color charges,
but not through spin information. We will also discuss constraints on the color structure of
the soft anomalous-dimension matrix implied by the non-abelian exponentiation theorem and
other considerations.

4.1 Renormalization of Wilson loops

A well-known property of Wilson loops is that they require UV subtractions beyond the renor-
malization of the coupling constant in cases where the integration path is not smooth, but
contains one or more singular points [52–54]. These divergences can be removed multiplica-
tively. The simplest case is that of a Wilson loops with a single cusp, i.e., a point where the
tangent vector changes its direction abruptly. If the cusp is formed by two time-like segments
with tangent vectors n1 and n2, then these UV divergences are removed by a factor Z(β12),
which is a function of the hyperbolic cusp angle β12 defined by

cosh β12 =
n1 · n2√

n2
1 n2

2

, (39)

where for simplicity we have assumed that n1 points into the cusp and n2 points out of it. If
the Wilson loop has more than one cusp, then each of them contributes an analogous Z-factor.

A more complicated situation arises if, as in our case, different Wilson lines cross each
other at a point. Then Wilson loops tracing out the same space-time curves except for the
cross point mix under renormalization. An example are the two Wilson-loop operators shown
in Figure 3, which illustrates this fact for the case of a four-jet operator corresponding to
qq̄ → qq̄ scattering. The renormalization factor Z({β}) is then a matrix on the space of such
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Figure 5: Decomposition of a web into a sum of products of connected webs. The non-abelian
exponentiation theorem states that only the single connected web shown in the first graph on
the right contributes to the color weights in the exponent of the amplitude.

quantum field theory, as described by Zimmermann’s forest formula. An illustration is shown
in Figure 6. The inner connected web inside the box gives rise to a subdivergence. Formal
arguments explaining the systematics of UV divergences for arbitrary Wilson loops can be
found in [54].

4.3 Light-like Wilson lines

For large values of the cusp angle β12 in (39), the anomalous dimension Γ(β12) associated
with a cusp (or cross) point grows linearly with β12, which in this case is approximately
equal to ln(2n1 · n2/

√
n2

1 n2
2) [23]. In the limit where one or both segments forming the

cusp approach a light-like direction, the cusp angle diverges (β12 → ∞). In dimensional
regularization this divergence gives rise to a single logarithm of the renormalization scale in
the anomalous dimension. If both segments lie on the light-cone, then [25]

Γ(β12)
n2

1,2→0
→ Γi

cusp(αs) ln
µ2

Λ2
s

+ . . . , (40)

where we refer to Γi
cusp(αs) as the cusp anomalous dimension in the color representation of

parton i. Its two-loop expression was obtained long ago in [57, 58] and [23, 24], while the
three-loop result was derived in [13]. The above equation is formal and meant to show the
dependence on the renormalization scale only. We will explain later how a soft scale Λs with
the proper dimensions appears in the argument of the logarithm.

In conventional applications of the RG, large (single) logarithms of scale ratios entering
perturbative results for multi-scale problems can be resummed with the help of anomalous
dimensions that are functions of the coupling constant, much like the β-function. This resums
terms of the form (αsL)n in the perturbative series, where L is the logarithm of the relevant
scale ratio. However, the presence of overlapping soft and collinear singularities in on-shell
scattering amplitudes of massless partons generates Sudakov double logarithms of the form
(αsL2)n in perturbation theory. They can be resummed with the help of anomalous dimen-
sions which themselves contain a single logarithm L of the large scale ratio. The logarithmic
dependence of the anomalous dimension in (40) is an essential feature in this context.
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