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Introduction: N = 2 Topological Amplitudes

A well known example of N' = 2 topological amplitudes is the following
equivalence between correlators of two quite different theories:

Antoniadis, Gava, Narain, Taylor, 1993

3g—3
Fg = <R(2+) T(zf)_2>g—|00p = /M ( H |G_(Na)‘2>top

/ N

g-loop correlator in type |l genus g partition function of
string theory on CY3 (insertions the NV = 2 (closed) topological
from A/ = 2 SUGRA multiplet) string
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Introduction: N = 2 Topological Amplitudes

Some more details

3g—3
Fg = <R(2+) T(2f;2>g—|00p :/ H |G~ (112)|*)top

gal

The corresponding effective action terms on the string side can be written
in a manifestly N/ = (2,2) supersymmetric manner antoniadis, Gava, Narain, Taylor, 1993

S= / d*x / d*0(ejesWE, Wi, B Fg(X')
with the Weyl multiplet
Wi, = T, — (00 0)R
@ To be compatible with the superspace measure, F,(X') can only
depend on the chiral vector multiplets X’ (holomorphicity condition)

@ These couplings are exact to all orders receiving neither additional
higher order nor non-perturbative corrections.

+),uvpt

Stefan Hohenegger (ETH Ziirich) N = 2 Topological Amplitudes 10.09.09 3/25



Introduction: N = 2 Topological Amplitudes

Some more details
3g—3

Fio = (R T eoon = [ (TT 167590

g a=1

To understand the G~ on the topological side we start with an N = (2,2)
SCFT spanned by the operators

(T,G* JT,G,J}
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Introduction: N = 2 Topological Amplitudes

Some more details
3g—3

Fg = <R(2+) T(%f)_2>g—|00p :/ H |G~ (12)|*)top

Mg =1
To understand the G~ on the topological side we start with an N = (2,2)
SCFT spanned by the operators
{T.¢*JT. ¢ .7}

Witten, 1992
The twist is performed in the following manner Bershadsky, Cecotti, Ooguri, Vafa, 1993

Cecotti, Vafa, 1993
1 - = 1—
T— T30, T—T- 0]

In this way G~ acquires conformal dimension 2 and can be sewed with the
Beltrami differentials u, to form the topological integral measure.
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Introduction: Uses of Topological Amplitudes

Besides being interesting in their own right, topological amplitudes (in
general) have attracted a lot of interest in many instances

@ They provide us a window to study certain aspects of (special) string

amplitudes to all orders in perturbation theory (e.g. tests of dualities)

Bershadsky, Cecotti, Ooguri, Vafa, 1993
Antoniadis, Gava, Narain, Taylor 1995
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general) have attracted a lot of interest in many instances

@ They provide us a window to study certain aspects of (special) string

amplitudes to all orders in perturbation theory (e.g. tests of dualities)

Bershadsky, Cecotti, Ooguri, Vafa, 1993
Antoniadis, Gava, Narain, Taylor 1995

@ Calculation of topological invariants in mathematics
@ The corresponding effective couplings on the string side have some
interesting properties on their own. They e.g. play an important role
for the entropy of N' = 2 supersymmetric black holes
Ooguri, Strominger, Vafa 2004

Dabholkar 2004
Dabholkar, Denef, Moore, Pioline 2005
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Introduction: Uses of Topological Amplitudes

Besides being interesting in their own right, topological amplitudes (in
general) have attracted a lot of interest in many instances

@ They provide us a window to study certain aspects of (special) string

amplitudes to all orders in perturbation theory (e.g. tests of dualities)

Bershadsky, Cecotti, Ooguri, Vafa, 1993
Antoniadis, Gava, Narain, Taylor 1995

@ Calculation of topological invariants in mathematics

@ The corresponding effective couplings on the string side have some
interesting properties on their own. They e.g. play an important role
for the entropy of N' = 2 supersymmetric black holes

Ooguri, Strominger, Vafa 2004
Dabholkar 2004
Dabholkar, Denef, Moore, Pioline 2005

These are also good reasons to find new classes of topological amplitudes!
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Type I Type 11 Heterotic

Type II/K3 x T2 Het/T6 )
(R2(000)2 T2 |7\ (R2(000p 122 | N = 4
’Antoniadis, SH, Antoniadis, SH,
Narain, 2006 Narain, 2006
P\
Type I/K3 x T? Het/K3 x T2
(F2(00)x52) (F2(09)22%2)
- Y
Soliateen: 2009 T ™ Soliatenen: 2006 T ™ N =2
Type II/CY Het/K3 x T2
<R2 T2g—2> <R2 T2g—2>
Antoniadis, Gava, Antoniadis, Gava,
Narain, Taylor 1993 Narain, Taylor 1995

= 7, world-sheet involution
—— string-string duality
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Outline of the Remainder of the Seminar

@ New Topological Amplitudes in String Theory
@ New Topological Amplitudes in Heterotic String Theory/K3 x T?
@ Manifestly Supersymmetric Effective Action Couplings

© Differential Equations
@ Holomorphicity Relation
@ Harmonicity Relation and Second Order Constraint

Stefan Hohenegger (ETH Ziirich) N = 2 Topological Amplitudes 10.09.09 7/25



New Topological Amplitudes in Heterotic/K3 x T2

F& = <+>(a¢> 2(AaX)E ) =

3g—4
[ QT Gt TT Gieolus) s (sgs)uis(det ) (det @)
Me 321 b=g+1

Antoniadis, SH, Narain, Sokatchev, 2009
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New Topological Amplitudes in Heterotic/K3 x T2

78 = (000N =

3g—4
-/ (TL6r0m) TT Grslie)is (hasa)ia(det@(det)
Me 521 b=g+1

Antoniadis, SH, Narain, Sokatchev, 2009

The world-sheet theory on K3 x T2 is a product theory

+ + ~+ ++ Banks, Dixon 1988
{TT27 GT2’ JT2} X {TK37 GK37 GK3> JK37 JK3 Berkovits:XVafa 1994, 1998
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New Topological Amplitudes in Heterotic/K3 x T2

78 = (000N =
3g—4

-/ (TL6r0m) TT Grslie)is (hasa)ia(det@(det)

& a=1 b=g+1

Antoniadis, SH, Narain, Sokatchev, 2009

The world-sheet theory on K3 x T2 is a product theory
{TT27 G7i-2> JT2} X {TK37 G%y 6%37 JK37 J;%‘oj,[ E:rnkij}it[:x\o/;iglsgsg4, 1998
Twisting of this theory is done by picking an N' = 2 subalgebra
1
Tro+Tks— T2+ Tk — 58(./7-2 + Jk3),

This is a semi-topological correlator (twisting only in the SUSY sector)
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New Topological Amplitudes in Heterotic/K3 x T2

F = <+)(8<b> (AaA¥)E2)het —
3g—4

/M H Gra(1a) H Gies(1b) s (3g—3)13(det Q) (detQ;))

g a=1 b=g+1
Antoniadis, SH, Narain, Sokatchev, 2009

@ 13 is a free fermion on the torus (necessary to soak zero modes)
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New Topological Amplitudes in Heterotic/K3 x T2

F = <+)(8<b> 2(AaA¥)82)het —

3g—4
/ H Gra(1a) H Gies(1b) s (3g—3)13(det Q) (detQ;))
Me a=1 b=g+1

Antoniadis, SH, Narain, Sokatchev, 2009
@ 13 is a free fermion on the torus (necessary to soak zero modes)

@ Q; are the zero modes of the right moving (bosonic) currents in the
heterotic theory
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New Topological Amplitudes in Heterotic/K3 x T2

fé?) _ <F(2 )(0¢)2(A(J’A(y)g72>het —

3g—4
— [ AT 6r0) T Grslio) s (ise-9)is(eeeQ(éery)
Me a=1 b=g+1

Antoniadis, SH, Narain, Sokatchev, 2009

@ g-loop amplitude in heterotic string theory on K3 x T2
@ Component correlator with insertions from N = 2 vector multiplet:

> F(4),u0 gauge field strength
» & vector multiplet scalars
> )\, gaugino

@ Supersymmetrization involves hypermultiplets

Stefan Hohenegger (ETH Ziirich) N = 2 Topological Amplitudes 10.09.09 11 /25



Manifest Supersymmetric Effective Action Couplings

Since these BPS couplings mix hypermultiplets and vector multiplets they
must be supersymmetrized using harmonic superspace
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Manifest Supersymmetric Effective Action Couplings

Since these BPS couplings mix hypermultiplets and vector multiplets they

must be supersymmetrized using harmonic superspace To this end, we
extend the standard A/ = 2 superspace to

R4+422) _ par2) ,, SU(2)

= {xH 0% E
(1) { ) a? + Ul
with the harmonic variables
SU(2) 4 ) i=12 € SU_2
Ty ek with LU
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Manifest Supersymmetric Effective Action Couplings

Since these BPS couplings mix hypermultiplets and vector multiplets they

must be supersymmetrized using harmonic superspace To this end, we

extend the standard A/ = 2 superspace to
5U(2) :
RUHRE) = RUR2 TS = (0, 00,08, o
with the harmonic variables

SU@R) . . i=1,2 € SU@2)
ORS ulsuh o with { + U@

The Grassmann variables are SU(2)-projected

0= =0 u and he =

Ol[’

ey
-3

leading to the measure on the harmonic superspace
/ d¢(=2-2) = / d*x du d?0td?0_,
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Hypermultiplets in Harmonic Superspace

We first introduce N doublets of hypermultiplets transforming as
fundamentals under SO(N)

Gy = 05 X5+ 0ag 0% + )
B ) with A€ SO(N)
E’Z\— = fA_ +92>2,2\d+¢%9;+...
These can be combined into SU(2) doublets in the following manner

ae Su(2)
A € Sp(2N)

(95:32_) = 95, = da s {

These superfields satisfy particular analyticity relations

D*qi =Diqgl=0

Stefan Hohenegger (ETH Ziirich) N = 2 Topological Amplitudes 10.09.09
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Vector multiplets in Harmonic Superspace

The vector multiplets have the expansion

Wi = @1 + 0,75 + 9&% (EUF((i@ + eaﬁs(ij),l>
/ |

scalar gauginos gauge field auxiliary
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Vector multiplets in Harmonic Superspace

The vector multiplets have the expansion

Wi = @1 + 0,75 + 9&% (EUF((i@ + eaﬁs(ij),l>
/ |

scalar gauginos gauge field auxiliary
We will also consider the superdescendant

K = LDf Wy = Njil + i(o") 0} dupr + 05 FC)
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Vector multiplets in Harmonic Superspace

The vector multiplets have the expansion

Wi = @1 + 0,75 + 9&% (EUF((iﬁ + eaﬁs(ij),l>
/ |

scalar gauginos gauge field auxiliary

We will also consider the superdescendant
o _ =i o _oya=i o o+ + Fap
K2, =1ulDj" Wy = \jul +i(c")** 05 0ppr + 05 Fio.
On shell (for S(;;) = 0), both superfields satisfy analyticity conditions
capDF DI W) =0 and D’K®,=DfK®, =0

In the following we will mostly suppress the vector index /.
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14 / 25



Higher-Derivative Couplings

The coupling corresponding to the topological amplitude is then given by

Antoniadis, SH, Narain, Sokatchev, 2009

S = /dC(_Z’_Z)(DfeaﬁDf) [(KfeaﬁKé)g_lﬁg)(Wanv u)
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Higher-Derivative Couplings

The coupling corresponding to the topological amplitude is then given by
Antoniadis, SH, Narain, Sokatchev, 2009

S = /dC(_Z’_Z)(DEeaﬁDf) [(Kf‘eaﬁKé)g_lﬁg)(Wanv u)

This term is (off-shell) supersymmetric since it is annihilated by (D*, D4.)
@ Acting with DY and Da_ vanishes due to the measure factor
@ Acting with D vanishes because of the presence of (Df‘eaﬁDé)
o Acting with D annihilates all fields of the integrand
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Higher-Derivative Couplings

The coupling corresponding to the topological amplitude is then given by

Antoniadis, SH, Narain, Sokatchev, 2009
55— / 4¢3 (D20 D7) [(Koeask ) FO(W, 5, 0)

This term is (off-shell) supersymmetric since it is annihilated by (D*, D4.)
@ Acting with DY and Da_ vanishes due to the measure factor

@ Acting with D vanishes because of the presence of (Df‘eaﬁDé)
o Acting with D annihilates all fields of the integrand

Notice, that the coupling function fg@)(W, qj, u) does not depend on the
superfields in an arbitrary way but satisfies certain analyticity properties.
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Analyticity Properties of the Topological Amplitudes

To see these properties more clearly let us write the amplitude in an
on-shell formulation (S(U) =0)

/ d¢C27 (K% sKPEFP (W, g, u)

@ It is crucial to notice that .7-}572) does not depend on the moduli in a
random way
o Particularly, it just depends on

» the holomorphic vector multiplets
>

@ These analyticities suggest differential equations for .7-}572)

» holomorphic anomaly equation with respect to <,57
>
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Analyticity Properties of the Topological Amplitudes

To see these properties more clearly let us write the amplitude in an
on-shell formulation (S(;) = 0)

/ dCC2 (K%, s KPEFP (W), g, u)

@ It is crucial to notice that .7-";2) does not depend on the moduli in a

random way
o Particularly, it just depends on

» the holomorphic vector multiplets
> a particular projection of the hypermultiples qj

@ These analyticities suggest differential equations for féz)

» holomorphic anomaly equation with respect to @
» harmonicity relation and second order equation for the hyper multiplets
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Holomorphicity Relation

Naive reasoning would suggest a relation of the form

i]:(m -0
ol ¢
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Holomorphicity Relation

Naive reasoning would suggest a relation of the form

9 3g—4
PEd / H Gra(pa) H Gie3(1b) ks (H3g—3)13(det@;)(detQy)) # 0

gal b=g+1

In fact, however, the anti-holomorphic derivative just leads to a total
derivative in the moduli space of Riemann surfaces M, we are integrating
over. Since the latter is non-compact we obtain a boundary contribution.

Stefan Hohenegger (ETH Ziirich) N = 2 Topological Amplitudes 10.09.09 19 /25



Holomorphicity Relation

Naive reasoning would suggest a relation of the form

9 3g—4
/ H Gra(pa) H Gie3(1b) ks (H3g—3)13(det@;)(detQy)) # 0
0@ S, a=1 b=g+1

In fact, however, the anti-holomorphic derivative just leads to a total
derivative in the moduli space of Riemann surfaces M, we are integrating
over. Since the latter is non-compact we obtain a boundary contribution.

In general there are two types of degenerations

@ Degeneration of a handle

@ Degeneration of a dividing geodesic

*

Stefan Hohenegger (ETH Ziirich) = 2 Topological Amplitudes 10.09.09 19 /25



Holomorphic Anomaly

For computing the violation of the holomorphicity, we need to consider the
states propagating on the thin long tubes
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Holomorphic Anomaly

For computing the violation of the holomorphicity, we need to consider the
states propagating on the thin long tubes
@ Pinching a handle
Due to (det@,)(detQ,) only charged states can prop-
agate. These are absent at a generic point in the

vector multiplet moduli-space = No contribution

Stefan Hohenegger (ETH Ziirich) N = 2 Topological Amplitudes 10.09.09 20 /25



Holomorphic Anomaly

For computing the violation of the holomorphicity, we need to consider the
states propagating on the thin long tubes

@ Pinching a handle
Due to (det@,)(detQ,) only charged states can prop-
agate. These are absent at a generic point in the
vector multiplet moduli-space = No contribution

@ Pinching a dividing geodesic
Uncharged vector multiplet states can contribute.

Due to the necessity to soak up torus zero-modes

the contribution vanishes unless one of the two sur-

faces happens to be a torus = Only contribution
forg—(g—1)+1
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Holomorphic Anomaly

The contribution of the torus can be calculated explicitly yielding the result
0 £ _ pe-11cKLy p)
8@7 & T YIK L

Antoniadis, SH, Narain, Sokatchev, 2009
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Holomorphic Anomaly

The contribution of the torus can be calculated explicitly yielding the result

8 _ _
8_¢7 22) _ ffgj(l,l GKLaLh(l)

Antoniadis, SH, Narain, Sokatchev, 2009

o h(1) is the one-loop threshold correction to the gauge-couplings
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Holomorphic Anomaly

The contribution of the torus can be calculated explicitly yielding the result

% 22) _ fﬁ%l,l GRLy, h
Antoniadis, SH, Narain, Sokatchev, 2009
o h(1) is the one-loop threshold correction to the gauge-couplings
° ff;(l’l is a new topological object. It is a non-holomorphic coupling
in the effective action
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Holomorphic Anomaly

The contribution of the torus can be calculated explicitly yielding the result

% 22) _ fﬁ%l,l GRLy, h
Antoniadis, SH, Narain, Sokatchev, 2009
o h(1) is the one-loop threshold correction to the gauge-couplings
° ff;(l’l is a new topological object. It is a non-holomorphic coupling
in the effective action
@ The superspace couplings for .7-'%;(1’1 can be interpreted as an

anomaly to the holomorphicity condition, generalizing the well-known
hO|Om0rphiC anomaly eq Uation. Bershadsky, Cecotti, Ooguri, Vafa, 1993
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Holomorphic Anomaly

The contribution of the torus can be calculated explicitly yielding the result

% 22) _ fﬁ%l,l GRLy, h
Antoniadis, SH, Narain, Sokatchev, 2009
o h(1) is the one-loop threshold correction to the gauge-couplings
° ff;(l’l is a new topological object. It is a non-holomorphic coupling
in the effective action
@ The superspace couplings for ff;(l’l can be interpreted as an
anomaly to the holomorphicity condition, generalizing the well-known
holomorphic anomaly equation. Bershadsky, Cecotti, Ooguri, Vafa, 1993

@ The phenomenon of the holomorphicity relation not closing on .7-";2) is
not new. A similar observation was already made for semi-topological
N =1 amplitudes in the heterotic theory compactified on CY

Antoniadis, Gava, Narain, Taylor, 1996
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Harmonic Dependence of the Topological Amplitudes

(2

Let us consider the harmonic dependence of F ) by the generic expansion

(I drop the W-dependence, m = 2g — 2)

(2 An =i —imtn g(k1 kn) + + _
Fg'(qh,u E 5(,1 T U T B Uy =
An —il —im im+1 im+n
—25(11 1m+n)u+"'u+fA1 B
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Harmonic Dependence of the Topological Amplitudes

Let us consider the harmonic dependence of F2

g ) by the generic expansion

(I drop the W-dependence, m = 2g — 2)

f(2 qu Zg(,l

- Z 5(’1

An =it —imtn g(k1 kn) + + _
Im+n)u+...u+ fAl fA,, Ug - Uy =
An —il —im im+1 im+n
Im+n)u+...u f ...fA

The symmetries of this expansion suggests the following two relations

@ harmonicity relation

Stefan Hohenegger (ETH Ziirich)

el

N = 2 Topological Amplitudes
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Harmonic Dependence of the Topological Amplitudes

Let us consider the harmonic dependence of féz) by the generic expansion
(I drop the W-dependence, m = 2g — 2)

(2 An =i —im+n ¢(k k) + + _
Fg'(qa.u 25(,1 AUV Tl S —

N ukl...ukn

An —il —im im+1 im+n
_E 5(/1 II71+I7)U_|F...U4_7"/L‘1 .

The symmetries of this expansion suggests the following two relations
@ harmonicity relation

el

9 2)
P 4. e =0.

@ second order constraint

€ij D,'7ADJ'7B.¢;2) =0.
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Anomalies for the Harmonicity Relation

Also the harmonicity relation is modified by boundary corrections similar to
the holomorphic anomaly equation. Explicit string computations at a
generiC p0|nt in the mOdu|I Space ShOW Antoniadis, SH, Narain, Sokatchev 2009

0
oul,

g—2
DjaFy) = > Da:Dpy FOQE D, FOy +

i
€ &g

g1=2
+ ]:1(,2/)\BQBCDC+}_;2—)1+
+ FE L GRED A
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Anomalies for the Harmonicity Relation

Also the harmonicity relation is modified by boundary corrections similar to
the holomorphic anomaly equation. Explicit string computations at a
generiC p0|nt in the mOdu|I Space ShOW Antoniadis, SH, Narain, Sokatchev 2009

0
oul,

el

g—2
Dj AFS) = Z DA+DB+~7:é'12)QBCDC+~7:§_)g1+
g1=2

(2) BC (2)
g—11 ~KL (1)
Here fj}l’l is again a new non-holomorphic coupling in the effective

action, which contributes to this amplitude via the elimination of the

auxiliary fields S¢;). Q4B is the symplectic form of Sp(2N).
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Anomalies for the Second Order Relation

Finally, also the second order relation is modified. Besides the usual
boundary contributions we find Antoniadis, SH, Narain, Sokatchev 2009

el D; 2.0 B‘b}—g) =(g — 1)52\3631,?;2) + boundary terms
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Anomalies for the Second Order Relation

Finally, also the second order relation is modified. Besides the usual
boundary contributions we find Antoniadis, SH, Narain, Sokatchev 2009

el D; 2.0 B‘b}—g) =(g — 1)52\3631,?;2) + boundary terms

@ The term on the right hand side is not an anomaly in the strict sense

since it depends on the same fép from which we started on the left
hand side.
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Anomalies for the Second Order Relation

Finally, also the second order relation is modified. Besides the usual
boundary contributions we find Antoniadis, SH, Narain, Sokatchev 2009

el D; 2.0 Bb}f) =(g — 1)52\3631,?;2) + boundary terms

@ The term on the right hand side is not an anomaly in the strict sense
since it depends on the same .7-";2) from which we started on the left
hand side.

@ It plays the role of a connection term owing to the fact that the space
of the f; is not flat.
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Anomalies for the Second Order Relation

Finally, also the second order relation is modified. Besides the usual
boundary contributions we find Antoniadis, SH, Narain, Sokatchev 2009

el D; 2.0 Bb}f) =(g — 1)52\3631,?;2) + boundary terms

@ The term on the right hand side is not an anomaly in the strict sense

since it depends on the same .7-";2) from which we started on the left
hand side.

@ It plays the role of a connection term owing to the fact that the space
of the f; is not flat.

@ The presence of this term can also be understood from the field
theoretic/superspace point of view.
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Conclusions

In this talk | have presented a new class of N/ = 2 topological amplitudes.

@ | determined the corresponding effective action couplings in harmonic
superspace and found that these topological couplings depend on
both vector- and hypermultiplet moduli

@ | showed that these couplings satisfy certain differential equations
with respect to the moduli, namely

» holomorphicity relation with respect to vector moduli

» harmonicity and second-order relation with respect to hyper moduli
@ Open questions still include

» What do these amplitudes compute mathematically?

> Are there any physical applications?
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